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? Park (2001)(G-convex?????? Corollary
4.5)?Ben-El-Mechaiekh et al. (1998)(L-convexity
















?? Ben-El-Mechaiekh et al. (1998)?????
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???????? (generalized dual system struc-
ture)???????????????????























· · · set in which the convex linear combination of
finitely many points depends continuously on its












?? Σa∈Ae(a) = 1????? e : A→ R+ ???
???????? a′ ∈ A\{a}???? ea(a′) = 0
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X?????????F (X)? X??????
?????????????????????
???A ∈ F (X)????????? fA : ΔA → X
???? A ⊂ ˆA?????? ˆA ∈ F (X)????
???X? (??)?????????????
???????????? B ⊂ Z ? B′ ∈ F (X)





????????????????? A ⊂ X?
????A????????????????
???
C(A) = ⋃A′⊃ ˆA,A′∈F (X) fA′ (ΔA)
??????X?????????? Z???
?????????????? A ⊂ Z ???
? C(A) ⊂ Z????????????????
A ⊂ Z?0 < A < ∞ ?? C(A)???????











4 ???????B′ ⊃ ˆB???????B′ ⊃ B??????






?? 1 (????????? Browder????
??). X?????????????????
·Hausdorff?????????????? open
lower section????????? ·???? ϕ :
X → 2X ????????
?? . ϕ????????{ϕ−1(y) | y ∈ X}? X?
???????X??????????{ϕ−1(y) |
y ∈ X}????? {ϕ−1(yi) | i = 0, 1, · · · , n}??
????A????? {y0, y1, · · · , yn}??? ¯A?
???? B ⊂ A???? ˆB?????????
????????????Z?????? B ⊂ A
???????????Z ⊃ f
¯A(ΔB)????
ϕ−1(y0), ϕ−1(y1), · · · , ϕ−1(yn)????????






??????F ? ΔA ???????????
?????Brouwer???????? F ???
? e∗ = F(e∗)????x∗ = f
¯A(e∗)??????
???????
βi(x∗) > 0 =⇒ x∗ ∈ ϕ−1(yi) =⇒ yi ∈ ϕ(x∗)
??????????? f






¯A(e∗))eyi) ?????? {yi | βi(x∗) >
0} ? B ????x∗ = f






¯A(e∗))eyi)????????x∗ ∈ f ¯A(ΔB)
????ϕ(x∗) ?????? f








6 open lower section property ? ϕ(x) ????? yx ???
??????
uraiyokota : 2006/12/12(9:15)
? 4 ? ? ? ? ? ? ? ? Vol.56 No.3
????????????????? Urai and
Hayashi (2000)?Urai (2000)?Urai and Yoshimachi
(2004)??????????????????
????????????????? X???




????? ϕ : X → 2X ???????????
??? {x ∈ X | x ∈ ϕ(x)}? F ix(ϕ)????
?? 2 (Browder?????????). X???
? { fA | A ∈ F (X)}???????? ·?????
·Hausdorff???????????? ϕ : X →
2X\∅?????? x  F ix(ϕ)?????yx ∈ ϕ(x)
????????∀z ∈ U x \ F ix(ϕ), yx ∈ ϕ(z)?
?? x???? U x ???????F ix(ϕ)  ∅
??????
?? . F ix(ϕ) = ∅?????????????
????{U x | x ∈ X}?X???????????
?????????? y1 = yx1 , y2 = yx2 , · · · , yn =
yxn ??????? {U x1 ,U x2 · · · ,Uxn }????
?? ¯A =
⋃{ ˆB | B ⊂ A}??? ¯A ∈ F (X)????
ΔA ???????????? F ??????
?????
F(e) = ∑nt=1 βt( f ¯A(e))ey
t
??????? F? Browder????????
??? e∗ = F(e∗)????x∗ = f
¯A(e∗)?B = {yt |
βt( f
¯A(e∗)) > 0} ????βt(x∗) > 0 ??? yt ∈
ϕ(x∗) ??? f
¯A(ΔB) ⊂ ϕ(x∗) ????????
??x∗ = f








????????? ϕ????????? x 
F ix(ϕ)?????x???? U x ??????
??? z ∈ U x \F ix(ϕ)???? yx ∈ ϕ(z)???
yx ∈ ϕ(x)?????????????????
???????? ϕ : X → 2X ? X \F ix(ϕ)??
locally common element???????
?? ϕ : X → 2X ???? x???? ϕ(x)?
???direction???????????????
????????X ? W ??????????
??? { fA | A ∈ F (X)} ? {gA | A ∈ F (W)} ?
?????????????????????
??????? (V1)?(V3)?????????
V : X ×W → 2X ?????W ? X ?????
??????? (generalized dual structure)??
?7?
(V1) V(x,w)? X??????????
(V2) x  V(x,w)
(V3) y ∈ V(x,w0)∧y ∈ V(x,w1)∧· · ·∧y ∈
V(x,wn) =⇒ y ∈ V(x,w) f or all w ∈
C({w0,w1, · · · ,wn})
?? (V3)?????C({w0,w1, · · · ,wn})???
⋃
A′∈F (X),A′⊃ ˆA g′A(ΔA)




(V4) V(x,w)  ∅ ⇒ ∃yx ∈ V(x,w), ∀B ∈
F (W), C(B)  w, ∃U ⊂ X ×W, (x,w) ∈
U, U is open, and ∀(z,w′) ∈ U ∩ X ×C(B),
yx ∈ V(z,w′) 9
7 ?????????????????????????
????????????? V ???? base set X ? W
???????????????????
8 X ? W ???????(X,W, f ) ? dual system ????
?? canonical bilinear form f : X ×W → R ??????
???V ? V(x,w) = {y ∈ X | f (y − x,w) > 0} ?????
??????????X×W ???? V ????? W ?
X ?? generalized dual system structure????????
?????w0 = w1 = · · · = wn ???????? (V3) ?
???????????????
9 ??????? canonical bilinear form ? topological dual
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???? x  F ix(ϕ)????? w ∈ Φ(x)?
??? ϕ(x) ⊂ V(x,w)????????Φ : X →
2W ? V ? W ???? ϕ? (???) ????
?? (dual space representation) ????? ϕ :
X → 2X ?????ϕ????????????
???????????????????W?
V : X × W → 2X ?????????????
?????????????? ϕ??????
??????F ix(ϕ)????????????
????????? ϕ : X → 2X ??????
x ∈ X \ F ix(ϕ)?????wx ∈ W ??????
? ∀z ∈ U x,wx ∈ Φ(z)??? x???? U x??
???????????? Φ??????ϕ?
locally fixed direction??????10?
X = W ???????????????
? (generalized dual structure) ???????
Urai (2000) ???? Section 6, Theorem 21 ?





space ? partial continuity ?????????????
???? (V4) ? Urai and Yoshimachi (2004) ????
(A3) lower topological condition ????????? Urai
(2005) ????????????
10 ??? x ∈ X \ F ix(ϕ) ?????x ??? Ux ? Ux \
F ix(ϕ) ?? Φ ? selection ??????? (??? upper
semicontinuous??) px : Ux\F ix(ϕ)→ W???????
? ϕ? dual space representation???????ϕ? locally
continuous (??? locally upper semicontinuous) direction
????????????????????????X = W
????????? Urai and Yoshimachi (2002) ???
Urai and Yoshimachi (2004) ????????


















?). X ???? { fA | A ∈ F (X)} ????? ·
????? ·Hausdorff ?????W ????
{gA | A ∈ F (W)}?????????????
? ϕ : X → 2X ??X ???????????
?? (topological dual system structure) (W,V :
X × W → 2X)??? locally fixed direction??
???ϕ????????13
?? . ϕ???????? Φ????ϕ???
?????????????Φ? X \ F ix(ϕ)?
??? fixed direction??????X?????
????????????? U1, · · · ,Um ??
w1, · · · ,wm ∈ W ?????? i = 1, · · · ,m??
12 X ?????????????????????????
???? ·?? upper semicontinuous?? ϕ : X → X ??
?? topological dual system ??? locally fixed direction
???????????????? x ∈ X \F ix(ϕ)???
???????? (c.f. Schaefer (1971)) ?????? x?
ϕ(x) ????? closed hyper plane(??????????
?? continuous linear form)?????????????
? linear form ??????? Φ(x) ??????????
ϕ ? upper semicontinuity ???? x ?????x ???
????? hyper plane(Φ(x)???)?????????
? z ∈ Ux ???? ϕ(z) ? fixed local direction ????
??????x ??? Ux ?????????
13 Urai and Yokota (2005) ?????? (Theorem 3) ???
? (V4) ???????????? Urai (2005) ????
?????????????
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????? z ∈ Ui ?????wi ∈ Φ(z)????
B = {w1, · · · ,wm}???β1, · · · , βm? U1, · · · ,Um
?????????????? ϕˆ : X → 2X ?






















????ϕ : X → 2X???????x  F ix(ϕ)
?? y ∈ ϕ(x)??????? (x, y)?????
Vϕ(x, y) = ϕ(x)????????? Vϕ(x, y) =
∅ ??????????? (dual system struc-
ture) (W = X,Vϕ : X × X → X) ??????
?? (W = X,Vϕ)? dual system structure induced
by ϕ????????ϕ? locally common ele-
ment???????????????????
? ϕ? (W = X,Vϕ)??? locally fixed direction
????????????? ϕ???????
?????zy ∈ ϕ(x) = Vϕ(x, y)????????
??? (W = X,Vϕ)? (V4)?????????
?????????????? Browder???
??? (1968)?????????????
? 1 (Browder??????????). X???
? { fA | A ∈ F (X)}???????? ·Hausdorff
?????ϕ : X → 2X ??????????ϕ
? X \ F ix(ϕ)???????????????
?????? x ∈ X \ F ix(ϕ)???? x  Ψ(x)
?? ϕ(x) ⊂ Ψ(x)????? Ψ(x)??????
????????ϕ????????
?? . ϕ??????????????X?? X
?????????? Ψ??Ψ???? induce
??????????? (dual system structure)
(W = X,VΨ)??? (V4)???????????
????? Ψ???????????? x ∈ X




??????????Urai (2000)? Theorem 1
(K∗)?Urai and Yoshimachi (2004)? Theorem 1
????????????????
? 2. X ???? { fA | A ∈ F (X)} ?????
?????Hausdorff ?????ϕ : X → 2X ?
???????????? x ∈ X \ F ix(ϕ)??
?? x  Φ(x)?? ϕ(x) ⊂ Φ(x)???????





duce??????????? (dual system struc-
ture) (W = X,VΦ)???????????Φ?
dual space representation? Φ????????
??????(W = X,VΦ)???? (topological)





upper semicontinuous?? ϕ : X → X?????
??????? (topological dual structure)??
? locally fixed direction??? (?? 12)???
????????Kakutani-Fan-Glicksberg???











? 3 (single valued?????????). X ?
??? { fA | A ∈ F (X)}?????? Hausdorff
????? f : X → X ??? (single valued)?
??????? x ∈ X \ F ix( f ) ??????
wx ∈ W ? ∀z ∈ U x, f (z) ∈ V(z,wx)?? x???
? U x???????? X ?? topological dual







?????? {Uμ ⊂ X × X : μ ∈ M}?????
???15? X????? { fA | A ∈ F (X)}???
?????????????uniformity???
?????????? vicinity Uμ ?????
(?) Uμ(x) = {y | (x, y) ∈ Uμ}??
(?) X?????????? Z???
? Uμ(Z) = {y | (z, y) ∈ Uμ f or some z ∈
Z}??
?????????????????????
??? (locally convex uniform space)???16?
?? 4 (???????????Kakutani??
????). X ??? ·????? ·Hausdorff?
?????????{ fA | A ∈ F (X)}? X ???







??????ϕ : X → 2X ??????????
·????????????ϕ????????
?? . ϕ??????????????????
?????? x ∈ X???? x  ϕ(x)?????
x? y ∈ ϕ(x)?????(x, y)  U ?? vicinity U
??????(V(x,y) ◦ V(x,y)) ◦ (V(x,y) ◦ V(x,y)) ⊂ U
????? vicinity V(x,y) ??????????
((z1, z2) ∈ V(x,y)(x) × V(x,y)(y) ∩ V(x,y)) ⇒ ((x, z1) ∈





?? (x1, y1), · · · , (xn, yn)??????U∗?U∗ ⊂
∩ni=1V(xi,yi)???V∗? (V∗ ◦V∗)◦(V∗ ◦V∗) ⊂ U∗?
???? vicinity?????????ϕ?????
????? (x, y)???? V∗(x)×V∗(y)∩V∗ = ∅
????
U ⊂ V∗ ???? open vicinity ????
X ???????????? {U(x) | x ∈
X} ???????? {U(aU1 ), · · · ,U(aUn )} ??
??ϕ(aU1 ), · · · , ϕ(aUn ) ??????????




gU(e) = ∑ni=1 βUi ( f ˆBU (e))ei
?????????? f
ˆBU ? X ???????
????????????ei ? bUi ??? 1?
????? ΔB
U
???????gU ? ΔBU ??
?????????????????????







open vicinity U ⊂ V∗ ????U ⊂ V∗ ????
?? x ∈ X? ϕ(x)????
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U(ϕ(x)) ∩U(x) = ∅
????ϕ ? upper semicontinuity ?????
? z ∈ ˆU(x∗) ???? ϕ(z) ⊂ U(ϕ(x∗)) ?
???? open vicinity ˆU ⊂ U ??????
????????U0 ◦ U0 ⊂ ˆU ?????
open vicinity U0 ? x ¯V ∈ U0(x∗) ⊂ ¯U(x∗) ?
???? open vicinity ¯V ⊂ U0 ?????
???? x ¯V ??????????????
(???? ¯V ??????? a1, · · · , ak ???
b1, · · · , bk ????) ????????????
????{ ¯V(a1), · · · , ¯V(ak)}? X ???????
b1, · · · , bk ?????? ϕ(a1), · · · , ϕ(an) ???
???β1 : X → [0, 1], · · · , βn : X → [0,1] ?
{ ¯V(a1), · · · , ¯V(ak)}?????????????










?????????ei ? bi ??? 1??? ΔB
???????βi(x ¯V ) > 0??? x ¯V ∈ ¯V(ai)??
??? ai ∈ ¯V(x ¯V ) ⊂ U0(x ¯V )?????????
???????x ¯V ∈ U0(x∗)????βi(x ¯V ) > 0
? (x∗, ai) = (x∗, x ¯V ) ◦ (x ¯V , ai) ∈ U0 ◦ U0 ⊂ ¯U ?
?????????βi(x ¯V ) > 0 ?????bi ∈







?? U(ϕ(x∗))?????????x ¯V ∈ U0(x∗) ⊂
U(x∗)????x ¯V ∈ U(x∗) ∩ U(ϕ(x∗))?????
???????????
?????
?????????????? X ?? direc-
tional structure???????????????
? x ∈ X ? e ∈ ΔB ???? V(x, e)?????
??????
V(x, e) = ⋂i∈{ j:e(bj)>0} U(ϕ(ai))
??????V : X×ΔB? directional structure?
?? (V1)(V2)(V3)?????????????
????????????(ΔB,V) ??? ϕ ?
locally fixed direction????????ϕ? closed
valued upper semicontinuous ????????
????? x  ϕ(x)????????? z ∈ U(x)
???? ϕ(z)? U(x)?????? V(x, e)??
????????? x???? U x ?????
?????????????(????????
??????????) ??????????
??? x???? ϕ? upper demicontinuity??
?17?????????? (V4)???????
??????????????uniformity U?




???????). X???? { fA | A ∈ F (X)}?
??????? ·????? ·Hausdorff·???
???????W ???? {gA | A ∈ F (W)}?
???????????????? ϕ : X → 2X
? dual system structure (W,V : X ×W → 2X)?
???? upper demicontinuous??????ϕ?
???????
?? . ???? 4??????????? vicin-




???? ϕ? upper demicontinuity??????
17 upper demicontinuity ??ϕ(x) ? closed hyperplane H ?
??????? open half space???????ϕ(z)? x?
??????? z?????? open half space?????
????Hausdorff???????? ϕ????????
??(Fan (1969)????) X?????? ·Hausdorff·??
???????ϕ : X → X ????????X ? normal?
?? x  ϕ(x)? x? ϕ(x)??????????????
????????????????ϕ(x)????????
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??????? (1)(2)???
∀z ∈ ¯U(x∗), ϕ(z) ⊂ V(x∗,w∗)??
V(x∗,w∗) ∩ ¯U(x∗) = ∅
???? open vicinity ¯U??????????w∗
? upper demicontinuity???????????
????????W???????U0◦U0 ⊂ ¯U
?????? open vicinity U0 ? x ¯V ∈ U0(x∗) ⊂
¯U(x∗)?????? open vicinity ¯V ⊂ U0????
????x ¯V?????????????????
????????(?????{ ¯V(a1) · · · ¯V(ak)}?
X???????b1, · · · , bk?? ϕ(a1), · · · , ϕ(an)
???????) β1 : X → [0, 1], · · · , βn : X →
[0, 1] ? { ¯V(a1), · · · , ¯V(ak)} ?????????
????? B???????? {b1, · · · , bk}??








????????ei ? bi ?????????
? ΔB ??????????βi(x ¯V ) > 0 ???
x
¯V ∈ ¯V(ai)????? ai ∈ ¯V(x ¯V ) ⊂ U0(x ¯V )???
?????????x ¯V ∈ U0(x∗)????βi(x ¯V ) > 0
? (x∗, ai) = (x∗, x ¯V ) ◦ (x ¯V , ai) ∈ U0 ◦ U0 ⊂ ¯U ?
???????????βi(x ¯V ) > 0?????
?? ai ∈ ¯U(x∗) ? bi ∈ ϕ(ai) ⊂ V(x∗,w∗) ??






????????x ¯V ∈ U0(x∗) ⊂ ¯U(x∗) ???
x
















Gale-Nikaido-Debreu Lemma). X???? { fA |
A ∈ F (X)}????X????????? (W,V)
????????????Hausdorff??????
???W???? {gA | A ∈ F (W)}??????
??????Hausdorff??????D : W → 2X
? S : W → 2X ??D(w) ∩ S (w) = ∅?????
? w′ ∈ Uw ???? s ∈ S (w′)????
D(w′) ⊂ V(s, θ(w)) (Continuity)
?????? w???? Uw ? θ(w) ∈ W ??
?????????????????????
????????? w ∈ W?????∃s ∈ S (w)
D(w) ⊂ X \ V(s,w) (Walras’ Law)
???????????D(w∗) ∩ S (w∗)  ∅??
????????? w∗ ∈ W ??????
?? . ???w ∈ W????D(w)∩S (w) = ∅?
??????????????????????
W??????????????w1, · · · ,wn??
????????W???U1 = Uw1 , · · · ,Un =
Uwn ??????W ?????????? ϕ?
ϕ : W  w 
→ {w′ ∈ W | ∀s ∈ S (w),D(w) ⊂
V(s,w′)} ∈ 2W
??????w ∈ Ut ?? θ(wt) ∈ ϕ(w)????
ϕ???????????????? V ???
? (V3)?????????????? w ∈ W \
F ix(ϕ)?????yw ∈ ϕ(z) (∀z ∈ Uw \F ix(ϕ))?
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??? yw ∈ ϕ(w) ? w???? Uw ?????
????????????????ϕ?????
???????????????w∗? ϕ???
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Generalization of Dual System Structure on Linear Topological Spaces
and Fixed Point Theorems for Multi-valued Mappings
Ken Urai and Kousuke Yokota
In this paper, the concept of duality between two spaces having vector space structures is
generalized so that we may obtain minimal continuity and/or convexity conditions for multi-
valued mappings to have fixed points from the viewpoint of economic equilibrium theory.
We use one of the weakest structures of abstract convexity to define an abstract system of
duality, and show that upper semicontinuity and open lower section property may be treated as
special cases of generalized mappings defined for arguments in economic equilibrium theory
under the generalized dual system structure. We also use the results to show the existence of
economic equilibria as one of the most general forms of Gale-Nikaido-Debreu Lemma.
Keywords: Abstract Convexity, Generalized Dual System Structure, Fan-Browder’s Fixed
Point Theorem, Kakutani’s Fixed Point Theorem, Gale-Nikaido-Debreu Lemma
JEL classification: C62; D51
